Dark matter and dark energy constitute more than 95% of our universe. However nothing is known about their properties except the gravitational potential that they generate. Among many different possible candidates, axion like particle (ALP) satisfies the pre-requisites to be a light mass cold dark matter candidate. There are different possibilities by which dark matter can couple to ordinary matter like atoms. This has opened up the possibility to search for ALPs by looking at their interaction to ordinary matter in laboratory based experiments. One such possibility is to look into the interaction of dark matter field with axial electron moment. In an isolated single ion experiment, we probe the existence of such a dark matter field coupling. In doing so, we achieve an uncertainty in a quantum feedback frequency measurement scheme, for a time dependent Hamiltonian that scales as 1/T 2 unlike 1/T as given by the Heisenberg limit. This proof-of-principle experiment sets a limit on the coupling strength of axion like dark matter particle wind to interact with an electron axial moment. Eventhough the limit is a weak limit, we propose feasible experiment by which the limit can be strengthened beyond currently known limit by indirect observations. Since our experiment probes the electron axial moment coupling it compliments other searches on nuclear axial moment couplings. The experimental scheme is based on the proposal by Pang et al.
I. INTRODUCTION
Our understanding of the interactions present in nature has dramatically improved during the last century, particularly due to the discovery of the electro-weak and the strong interactions [2, 3] within the gamut of the Standard Model (SM) of particle physics. It has matured to such an extent that attempt to unify all the forces under the Grand Unification Theory (GUT) has been proposed [4] . In addition, an experimentally verifiable model about the whole universe also known as the Standard Model of cosmology has been proposed [5] . These two models are widely successful baring a few exceptions. However recently, observational astronomy has put up a new challenge to our basic understanding of nature, namely the definitive presence of dark matter and dark energy [6] . The later, according to some [7] can be treated as a mathematical problem than physical observable. The presence of dark matter which according to the present estimate is about 26.8% of the total universe are invisible matter mostly interacting via gravitation and/or by other weak interactions to the SM particles like electrons, nucleons etc.. In total, dark matter and energy constitute nearly 95.1% of the universe that we know of [8] . Thus it is extremely important to know what constitute these dark matters. All of our present day knowledge about them relies on the gravitational potential that they generate. As these particles interact weakly with the SM particles, direct observation by emission or absorption of light by these particles is hopeless. Over the last few years, a number of experiments as well as proposals has been put forward to perform direct observation of these particles interacting with the SM particles in laboratory experiments [9] . Since, nothing is known about these particles' mass, density or interaction strengths, the search range of these parameters are also wide. In particular, axion like particles (ALP) can be a dark matter candidate, provided their densities are high to compensate their low mass while generating gravitational potential as derived from the astronomical observations. Undeniably, direct dark matter searches are both demanding as well as diverse due to the poor knowledge about their coupling strengths to ordinary matter [10, 11] . Among many probable dark matter candidates, ALPs with low mass has been proposed as a candidate thereby complimenting possibilities not covered by other searches [12] . Due to the galactic motion with respect to the earth such particles originating from our galactic center may result in a classical time dependent field coupling to an electron axial moment. Though, experiments searching for such dark matter field coupled to the axial nuclear moment has been proposed and setups are being built, no suitable experimental scheme for the electron axial moment coupling are known. The difficulty in finding a proper experimental scheme for such a search is the required sensitivity in measuring the frequency/amplitude of an unknown time varying field in the frequency range kHz to MHz [12, 13] . Here, for the first time, we propose and experimentally demonstrate the suitability of a precision amplitude and frequency arXiv:1803.01724v3 [quant-ph] 23 Jul 2018 measurement scheme towards the direct search of ALP dark matter coupling to an electron axial moment.
The proposal is based on the possibility to measure an unknown estimator of an experimental parameter with a precision that scales as 1/T 2 as compared to the Heisenberg limit of 1/T where T is the observation time.
A measurement of an experimental parameter (e.g. frequency in case of an atomic clock) is an estimation of that parameter whose precision is invariably limited by the uncertainty of the estimation [14, 15] . The uncertainty on a parameter estimation of an experiment may originate from our inability to control the influence of an external disturbance on to the system or from more fundamental statistical distribution of the experimental outcome from which the estimation is performed. The former known as the systematic uncertainty is dependent on the experimental setup whereas the later, called the statistical uncertainty is more fundamental and is of our concern here. By overcoming the fundamental limit of an uncertainty in a parameter estimation, it is possible to delve into new physics which otherwise are inaccessible due to the uncertainty in the parameter estimation. Thus to the best of our knowledge, this is also the first experimental demonstration of a scaling of the frequency estimation that goes beyond the Heisenberg limit of 1/T and saturates at 1/T 2 for a single ion as compared to an artificial atom recently demonstrated in a superconducting qubit [16] . An artificial atom like a superconducting qubit is a pseudo spin thereby insensitive to the detect the dark matter coupling to a SM particle like the atomic electron.
This article is organized in the following way: first the Hamiltonian representing the ALP dark matter interaction with an axial electron moment will be introduced so as to understand the possible search range of the coupling strength as well as the mass range of the particles; this will be followed by an introduction of the parameter estimation schemes for time dependent Hamiltonians and in particular the scheme where scaling beyond the Heisenberg limit can be achieved; the experimental setup, result and conclusion will be followed by a discussion on the possible experiments that can improve the results presented here.
II. ALP-AXIAL ELECTRON MOMENT INTERACTION
According to [12] , the axial moment of an electron which has an angle to the ALP dark matter velocity direction will precess due to an interaction of the form
where g aee is the coupling strength, m a is the ALP mass, v is the relative velocity of the ALP (also known as the ALP "wind") with respect to the earth and σ e denotes the axial moment of the electron. The interaction originates by considering the ALP "wind" producing a free scalar field with low momentum which is oscillating in its potential as a = a 0 cos m a t, where a 0 is the amplitude of the field. The size of the actual perturbation can be estimated considering that all the local dark matter field at the electron position is produced only by the ALP dark matter. This turns out to be
where ρ DM is the local dark matter density. The range 10 −4 ≥ g aee ≥ 10 −10 Gev −1 has been ruled out by astrophysical constraints (white dwarf cooling speed) [17] . However, these are indirect estimations. Therefore, new experiments need to be designed to explore inaccessible range of the coupling or the ALP masses by direct measurement. As pointed out in [12] , this interaction is different in nature as compared to the electron electric dipole moment which leads to static shift in the energy. One can already see that the coupling is a time dependent interaction whose amplitude and frequency needs to be measured in this scheme. The frequency is related to the ALP mass which for these light-mass ALPs is expected to be between kHz and MHz with a bandwidth of only Hz. Thus one needs high sensitivity parameter estimation protocols for both the amplitude and the frequency of these unknown time dependent fields. It is important to note that the sensitivity of the unknown parameter on the estimator is limited by the coherence time of the external field and not on the probe coherence provided the coherence of the probe is longer than the external field. In this respect a single trapped and laser cooled ion is an ideal probe with long coherence time usually of the order of second or more. To enhance the sensitivity within this time it is important to go beyond the Heisenberg limited scaling with time such that the sensitivity scales as T 2 as compared to T . This protocol can pave the way for ALP searches with a modified sample of probes as we will discuss later.
III. SENSITIVITY LIMIT OF PARAMETER ESTIMATION
A parameter estimation in an experiment involves three stages of experimentation [18] (a) preparation of the probe (b) interaction of the probe with the system to be measured and (c) probe readout. The statistical uncertainty of parameter estimation is asymptotically limited by the central-limit theorem which states that if σ is the standard deviation of a single measurement, the standard deviation of the average over a large number n independent measurements converges to σ/ √ n. This is also known as the Shot Noise Limit (SNL). However, this limit can be surpassed by adopting different quantum strategies including but not restricted to the use of entanglement. Nevertheless, quantum mechanics provides the ultimate lower bound on the uncertainty of an estimator called the Heisenberg bound that can be obtained for a time independent Hamiltonian by adopting proper quantum strategies [18, 19] . In more general term, the bound on the mean squared deviation of an unbiased estimator α is given by [14, 15, 20] 
where, n is asymptotically large number of measurement while F α is the Fisher information associated with the estimator for the parameter α. The Fisher information is a measure of the information content in the measured data about the parameter α and the bound is known as the Cramér-Rao bound (CRB) [21] . In quantum parameter estimation for the probe prepared in the state |ψ α , the quantum Fisher information (QFI) is given [22, 23] by
which maximizes the classical Fisher information over all possible types of quantum positive operator valued measurements (POVM) on the state. This implies that for a parameter α which is a multiplicative factor to a time independent Hamiltonian and whose time evolution is given by an unitary as U α = exp(−αHt), the QFI F α is ∝ T 2 for a phase evolution time (also called the observation time) T . Thus one obtains an inverse linear scaling of the uncertainty with time as is the case for an atomic clock frequency estimation using the Ramsey measurement strategy.
Over the years, different approaches have been adopted to circumvent the Heisenberg limit by using quantum correlations like entanglement of multiple probes [24] [25] [26] . The situation is different when the Hamiltonian is time dependent. In absence of prior knowledge of the time dependence, the acquired phase on an average scales as 1/T , provided the measurement is shot noise limited. In recent times, proposals have been put forward to measure frequency with uncertainty beyond the Heisenberg limit by using a time dependent Hamiltonian [1, 27] . Adopting quantum control and classical Fourier transform, it has been shown that the uncertainty scales as 1/T 3/2 [28, 29] in an experiment with a single NV center. Further leveraging on quantum control in a superconducting qubit uncertainty scaling of 1/T 2 has been achieved [16] based on the proposals [1, 27] . However due to low coherence time, the measurements could only be performed upto a few microseconds of observation time leading to scaling Theoretically expected Quantum Fisher Information for frequency estimation for a periodic Landau-Zener type Hamiltonian when no optimal control applied (black) and when both the optimal control and measurement protocols are applied (blue). The dashed line shows the case for optimal measurements when measurement time is multiple of the frequency with same phase. which barely achieves the ultimate limit of uncertainty for such a time dependent Hamiltonian. In fact, it is possible to saturate the bound as shown in Fig. 1 . In case of frequency estimation without any feedback (black curve), the rate of acquired phase with change in parameter or the sensitivity as represented by the QFI scales as T at the best. However, as shown theoretically, by proper feedback it is possible to saturate the scaling to T 2 (blue curve). Our experiment is fundamentally different from [16] . As the probe is a single atom, it has the possibility to couple to either time varying electromagnetic or magnetic field or electric field depending on the sensitivity of the qubit state and in addition, it is not necessary to couple the system to any cavity, thus not limited by technical noise of the cavity.
IV. QUANTUM PARAMETER ESTIMATION THEORY
The QFI as given in eq.(4) for a pure state |ψ α = √ P 0 |0 + e iφα √ P 1 |1 where P 0,1 are independent of α and |0, 1 are eigenkets of σ z operator takes the form [30] 
There are two immediate points to note here. The QFI maximizes when the state is an equal superposition of the eigenkets and it degrades if decoherence sets in. The optimal projectors as shown in [27] for maximizing the QFI in the |0, 1 basis turns out to be
where α c is the optimal value of the parameter, which indicates that a prior guess of α is essential in such an adaptive measurement. This is not a predicament to the adaptive measurement scheme as a prior knowledge is gained from a rough estimate without control. The physical meaning of the QFI as given in eq.(5) is the sensitivity of the measured phase φ α as a function of the change in α, the parameter to be estimated. This is also known as the Bures distance [30] and according to eq. (3) it is the inverse of the uncertainty of the estimation parameter. The adaptive measurement holds, provided the parameter to be estimated is close to the actual parameter such that
From the experimental point of view, the probe is prepared in a state |ψ α (preparation step in the Fig. 2 ) and allowed to evolve it under the external time dependent field for a certain time T . The final state is projected to the |0, 1 state to estimate the phase gain φ α (measurement step in the figure (2)). This is same as that of a Ramsey phase measurement sequence except that the field during the wait time is a time dependent field as shown in Fig. 2 whose frequency and amplitude are to be estimated. The measured phase was shown to be maximum provided one applies an extra time dependent field called the control Hamiltonian whose frequency and phase are close to that of the unknown time-dependent field.
In ref. [27, 31] , it has been shown that the QFI as shown in eq.(5), can be boosted for a general time dependent Hamiltonian by applying appropriate quantum control. The QFI with quantum control F cα (here c refers to the controlled parameter), thus gets bounded by
where t 0 is the initial time of evolution and µ max,min refers to the maximum and minimum eigenvalues of the operator ∂ α H 0 as given in eq.(5). The equality can be reached provided the initial state is prepared as an equal superposition of the eigenstates of ∂ α H 0 which are |µ max,min and in addition the optimal coherent control Hamiltonian has been applied.
The optimal scheme for parameter estimation is shown in Fig. 2 which consists of preparation, control and measurement. In case of the Hamiltonian as in eq.(12), the instantaneous maximum and minimum eigenvalues of the phase sensitivity operators (∂ ω,Ω d H 0 ) with respect to frequency and amplitude estimation are: µ max,min = ∓ sin ωt,
respectively. The time evolution of these eigenvalues are shown in Fig. 2 for the case of frequency estimation. In case of the amplitude estimation, the eigenvalues are shifted by π/2 phase. In each case the eigenvalues cross each other which accordingly requires an optimal level crossing Hamiltonian (OLCH) of the form [27] H
where n = 0, 1, · · · N and ω c denotes the control frequency which is optimal when ω = ω c . The application of the control Hamiltonian is optimal if it is applied at time points shown by vertical arrows in Fig. 2 (ii) which corresponds to instances where the eigenvalues cross as in Fig. 2(iii) . Therefore, for both these parameter estimations one needs to apply σ π x pulses at the time when the eigenvalues cross each other, thereby maximizing the phase information as shown in Fig. 2 . Note that the QFI under optimal control scales as T 4 for frequency estimation while T 2 for amplitude estimation. The QFI for the frequency estimation of a Hamiltonian H 0 as one expects from theory is shown in Fig. 1 by considering with and without control Hamiltonian H OLCH applied. It is clear that without the control, the QFI scales as per the Heisenberg bound. In case of amplitude estimation, if no control is applied the QFI is independent of the time of observation as is evident from the eq.(10) but once the control is applied it scales as T 2 . The control Hamiltonian in eq. (11) is different from a dynamical decoupling Hamiltonian [32] where the σ π x pulses are applied at times, such that phase acquired from noise is minimal which in case of Hamiltonian as in Fig. (2(ii) ) would be at the nodes. In terms of noise spectral filtering, a dynamical decoupling scheme rejects particular noise frequency while a feedback amplifies it.
V. EXPERIMENTAL METHOD AND SET-UP
Since the atomic electron couples to both an external electromagnetic field as well as a magnetic field, it is possible to employ either a time varying laser interaction or magnetic field interaction to generate a time dependent Hamiltonian. The probe in this experiment is a single ion of 138 Ba + . A schematic of the experiment is shown in Fig. 3 . The electronic ground state |S 1/2 , m = −1/2 and a meta-stable state |D 5/2 , m = −1/2 are used as a two level quantum system or a qubit [33] . The qubit is addressed coherently by a narrow bandwidth laser on resonance to the atomic transition which is a dipole forbidden but quadrupole allowed transition. In general, all single qubit operations can be described by the Pauli spin operators σ i , where i = x, y, z. The time dependent Hamiltonian, generated by an off-resonant laser addressing the qubit takes the form
where the applied external off-resonant EM field leads to a constant AC Stark shift (see Fig. 3) of Ω 0 and a modulating energy shift of Ω d with a modulation frequency ω as depicted in Fig. 2 . The ion is laser cooled such that its oscillation amplitude is smaller than the wavelength of the probe laser which is also known as Lamb-Dicke regime. This ensures that the qubit state remains mostly independent of the external motion of the ion as it is coherently manipulated. The parameters which we would like to estimate are the frequency of oscillation ω and the amplitude of the oscillation Ω d . The modulating AC Stark shift can be expressed in terms of the applied external field as
where 0|Q ij |1 is the coupling strength of the qubit to the external field and I(t) is the time dependent intensity of the off-resonant laser which is de-tuned by a constant frequency ∆ from resonance. In order to introduce a time dependence to this Hamiltonian the applied intensity of the laser is modulated about a constant value I 0 with an amplitude I d and frequency ω as
Comparing equations (1) and (12), we see that one needs to estimate the modulation amplitude Ω d as well as the frequency ω in order to search for dark matter field coupling to an atomic electron. Now, we use the recent advances made in quantum parameter estimation theory for the time dependent Hamiltonian [1] to estimate the ω and Ω d . In the experiment a single barium ion trapped in a blade-like linear ion trap with radial frequency of about 2 MHz and axial frequency of 200 kHz. The ion is laser cooled to the Lamb-Dicke regime which ensures that the mean phonon number of the external motion is about 5 in the radial direction and slightly higher in the axial direction. The quantization axis is defined by an externally applied weak magnetic field about which the spin precesses which can be varied by changing the three pairs of orthogonal coil currents. There are several possible ways to implement a time dependent Hamiltonian in a single ion qubit system, namely oscillating magnetic field, oscillating electric field gradient as well as oscillating electromagnetic (EM) field. In this experiment the magnetic field has been kept constant as inherent magnetic field fluctuations at the line frequency (50 Hz) limits the coherence time of the qubit. Instead, we employed a time dependent non-resonant EM field (de-tuned by −100 kHz from the carrier transition) to generate a periodically oscillating light-atom interaction in a controlled manner as given by the Hamiltonian in eq. (12) . In order to generate such an EM field we modulate the acusto-optic modulator (AOM) with an oscillating amplitude such that the intensity varies as I(t) = I 0 + I d sin(ωt), as in eq. (14) . The constant AC Stark shift has been measured to be about 25 kHz with a modulation depth of intensity modulation I d /I 0 ≈ 0.6. The frequency sensitivity has been measured by scanning a frequency range of ±5% while in the case of amplitude sensitivity measurement it is ±50% for uncontrolled measurement. In the case of controlled one the range is smaller. The amplitude modulation pulse has been generated using an arbitrary waveform generator with a resolution of 250 ps. The measurements have been performed with a Rabi π− time of 3 µs and a total measurement time of 3 ms, out of which 2 ms is state detection time. We repeated 500 independent measurements to estimate the phase which limits the phase uncertainty to ≤ 6 × 10 −4 rad. The qubit can be driven to at most 500 kHz frequency mainly limited by the available power of the laser while the laser linewidth is estimated to be < 100 Hz.
VI. EXPERIMENTAL METHOD
As mentioned earlier, the experiment starts by preparing the probe in an optimal state for the best estimation of the estimator, in this case the quantum fisher information (QFI). The state we prepare is
by application of a σ π/2 x pulse. After a certain wait time if the final state is again probed by another σ π/2 x pulse one would expect to observe |1 with 100% probability. This measurement technique known as the Ramsey technique, then probes the change in the relative phase of |ψ(t) if the state or the laser has evolved at different rates with respect to each other. The uncertainty in the phase estimation is measured by repeating the Ramsey sequence with the phase of the second σ π/2 y pulse adjusted such that the mean probability of finding the qubit in state |0, 1 is 0.5. One such measurement is shown in inset of Fig. 5 where each phase measurement has an uncertainty of 0.06 rad while the slope which is the inverse frequency sensitivity has been measured with an uncertainty of 3.9 × 10 −4 . The standard deviation of this measurement is limited by the projection shot noise to 1/ √ n as is observed in Fig. 4 , where we have plotted the variance of the final probability to be projected in |1 for identical and independent n measurements. In our experiment, we ensure that the phase between the laser and the atom is maintained over a long time, determined by de-coherence effects associated with the experiment such as a magnetic field noise, laser frequency noise etc..
The coherence time can be as large as minutes, however in our present experiment we are mainly limited by the ambient magnetic field amplitude noise since the qubit states are susceptible to magnetic field strength variations. We create a time dependent Hamiltonian for the frequency and amplitude estimation by modulating an external field which couples off-resonantly to the atomic qubit. Therefore, the relative phase between the eigenkets of the state |ψ(t) will also modulate. Thus one would expect to observe a change in the relative phase acquired during the evolution time t. The final phase is observed by suitably projecting the state to the σ z axis. The rate of change of phase as a function of the applied frequency provides the QFI for the frequency estimation. As shown in [27] , a control R π x pulse at the right frequency and phase with respect to the external oscillating field saturates the QFI as in eq.( 8).
VII. EXPERIMENTAL RESULTS
As mentioned earlier, the ultimate precision in frequency or amplitude estimation is obtained provided systematic uncertainties are below the statistical uncertainties for a given time of observation. We obtain the SNL on the phase estimation for each experiment for an observation time limited by the qubit de-phasing time which is about 500µs. The optical qubit is susceptible to external magnetic field noise, however it has a long T1 time of more than a minute. The QFI as mentioned in eq.(5) is a function of the phase sensitivity to a change in the external parameter. Therefore we measured the sensitivity with and without the OLCH as in eq.(11). The sensitivity is obtained by measuring the change in phase as a function of the frequency or the amplitude of the external field. The measured inverse sensitivities that correspond to the variance are plotted as a function of the total observation time T in Fig. 5 for frequency and in Fig. 6 for amplitude. The inverse frequency sensitivity plot shows a T 2 dependence upto the time where de-phasing sets in as is expected from eq.(5). In case of amplitude, as we know from eq.(10), the sensitivity only scales as T . However in both cases application of the control Hamiltonian H OLCH improves the sensitivity. In case of frequency it beats the Heisenberg limit.
Assuming the external field to be an unknown time varying field (like the ALP dark matter field) coupled to the spin of the electron of a barium ion similar to the Hamiltonian as described in eq.(1), we have performed both frequency as well as phase scan of the control pulses while measuring the QFI as shown in Fig. 7 . The QFI shows significantly high value when the OLCH frequency and phase match to that of the unknown external field. From the stand point of dark matter search, it is essential to first measure the amplitude sensitivity that is achievable by this single ion experiment. Therefore we need to compare the amplitude sensitivity with the phase uncertainty for an optimal measurement time. The minimum amplitude of modulation that can barely be detected in this single ion experiment is given by
where we have used the fact that phase noise is limited by quantum projection shot noise as shown in the supplementary document. Therefore for a T = 80µs measurement time and 100 measurements, the minimal detectable frequency modulation amplitude is ∼ 1.25 kHz at a modulation frequency of 50 kHz. Now considering the mass of the light ALP to be 50 kHz, the limit on the dark matter coupling g aee to the electron spin in this single ion experiment is 400 GeV −1 . Since the Galactic velocity direction is varying in a yearly scale, at any time of measure, three independent axes in the laboratory frame is chosen such that the ALP wind has component along the electron axial moment. The bound obtained from our first ever measurement is rather a weak bound as other astrophysical limits are much stronger ≤ 10 −10 GeV −1 . However, it is the first direct measurement which will be improved in future experiments by increasing the n as well as the measurement time as is evident from eq. (16). number of experiments n. The cross is the limit obtained from single ion experiment performed over 100 measurements, the triangle what is achievable with gas cells, while the polygon is where the search is beyond the astrophysical range of observation . Figure 8 shows the ALP dark matter coupling strength to electron axial moment as a function of the observation time T and the number of probes or a single probe repeating n independent measurements. The present experiment can be readily extended to atoms in a buffer gas cell like the Rb clocks which can probe coupling strengths of 10 −6 − 10 −10 GeV −1 within only few measurement [34, 35] . Thus having a dedicated setup with an optimal volume and pressure of a gas cell, longer coherence time and a large number of measurements, it is possible to explore a new range of possible dark matter coupling strengths.
We conclude that using quantum control protocols it is possible to surpass the Heisenberg limit on the parameter estimation of a time dependent Hamiltonian in a single ion experiment. As a proof-of-principle experiment, we demonstrate that this technique is suitable for searching light mass ALP dark matter in the mass range kHz to GHz. In case of a single ion experiment we deduce a weak limit on the coupling strength of its existence at 50 kHz mass to be lower than 400 GeV −1 . We further propose to implement this technique on a buffer gas cell to attain sensitivity that can search new dark matter candidates using atomic probes.
